
C++

1,a)

IEEE 754 Newton

VCP Library

C++11 VCP Library

1.

IEEE 754 Standard [1]

1.2 IEEE 754 Standard

1

a) sekine123@iniad.org

1 3

1/3

.

∫ b

a

f(x)dx ≈
N∑
i=1

f(xi)wi
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f(x) = 0

Newton

xi+1 = xi − f ′[xi]
−1f(xi)

x∗ x̂

u∗

û

2 :

S.M. Rump, INTLAB, : MATLAB [2]

S.M. Rump

MATLAB

BLAS LAPACK

, kv Library, : C++ [3]

Double-Double

( 4 ) MPFR

:

1 ( )

•

• double BLAS, LAPACK
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• 2

•
1

Policy-based design

.

Policy-based design

. VCP

Library http://verified.computation.jp/

VCP Library C++11

kv Library

[3]

2

3 1

4

Policy-based design

. 5

Emden

.

2.

.

[4] .

2.1

R F IEEE 754 Stan-

dard

[a, b] := {x ∈ R | a ≤ x ≤
b, a, b ∈ R}

10

π = 3.14158 · · ·
π ∈ [3.14, 3.15]

[3.14, 3.15]

1/3 ∈ [0.3333, 0.3334]

2

:

•
•

IEEE

754 Standard

5

sin cos

a, b ∈ F

: ◦ : F × F → F inf{x ∈
F | x ≥ a ◦ b}

: ◦ : F × F → F sup{x ∈
F | x ≤ a ◦ b}

: ◦̃ : F × F → F

C99 C

fenv.h

fesetround :

#include <fenv.h>

int main(void) {

//

fesetround(FE_DOWNWARD );

//

fesetround(FE_UPWARD );

//

fesetround(FE_TONEAREST );

}

1/3
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[a, b], a, b ∈ F

:

#include <fenv.h>

int main(void) {

double a, b;

fesetround(FE_DOWNWARD );

a = 1.0/ 3.0;

fesetround(FE_UPWARD );

b = 1.0/ 3.0;

}

*1

2/3 [0.666, 0.667] π

[3.14, 3.15] 2/3 × π

[0.666, 0.667] × [3.14, 3.15]

2 [al, au], [bl, bu]

f : R×R → R

f([al, au], [bl, bu]) = {z ∈ R | z = f(x, y), x ∈
[al, au], y ∈ [bl, bu]} [cl, cu]

.

:

[al, au] + [bl, bu] := [al+bl, au+bu]

[al, au]− [bl, bu] := [al−bu, au−bl]

[al, au]× [bl, bu] :=

[min{al×bl, au×bl, al×bu, au×bu},
max{al×bl, au×bl, al×bu, au×bu}]

[al, au]/[bl, bu] :=

[min{al/bl, au/bl, al/bu, au/bu},
max{al/bl, au/bl, al/bu, au/bu}], 0 /∈
[bl, bu]

◦ ◦ ◦
*1 C99 fenv.h

FENV ACCESS
volatile

.

.

interval

interval

. kv

Library

C++

interval < double >, interval < dd >, interval <

mpfr < N >> double

.

2.2

.

.

A ∈ F
n×n, b ∈ F

n

Ax = b

x∗ ∈ R
n

. Gauss

x∗ ∈ R
n

.

n

.

VCP Library

:

// 1 VCP Library ( Gauss )

#include <iostream >

#include <omp.h>

#include <kv/interval.hpp >

#include <kv/rdouble.hpp >

#include <vcp/matrix.hpp >

using namespace vcp;

int main(void) {

int n = 50; //Set dimension

matrix <kv::interval <double >> A, b, x;
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A.rand(n); //Make a random matrix

b.ones(n, 1); //Make vector with 1

b = A*b; //Matrix -vector product

x = lss(A, b); // Solve x s.t. Ax = b

std::cout << x(0) << std::endl;

}

n = 50 e = (1, · · · , 1)T
Ae ∈ b Ax = b

x∗ 1 .

lss() LU

x

kv Library interval

x x∗

.

[−224705, 224707]

. 1

[−224705, 224707]

.

n = 100 0

.

. n = 100

.

Ax = b x̂ x∗

.

x̂ x∗

[5] . C (or

) |C| (or )C

. ‖C‖
(or )C .

1 ( [5]) A ∈ R
n×n,

b ∈ R
n, R ∈ R

n×n

. I ∈ R
n×n

e = (1, 1, · · · , 1)T ∈ R
n 1

.

‖I −RA‖ < 1

A Ax = b

x∗ x̂ ∈ R
n

|x∗ − x̂| ≤ |R(b−Ax̂)|+ ‖R(b−Ax̂)‖
‖I −RA‖ |I −RA|e

.

1 R A

x̂ R

.

VCP Library

:

// 2 VCP Library(BLAS , LAPACK , )

#include <iostream >

#include <omp.h>

#include <kv/interval.hpp >

#include <kv/rdouble.hpp >

#include <vcp/pidblas.hpp >

#include <vcp/matrix.hpp >

using namespace vcp;

int main(void) {

std::cout.precision (17);

int n = 10000; // dimension

matrix < kv::interval < double >,

pidblas > A, b, x;

A.rand(n);

b.ones(n, 1);

b = A*b;

x = lss(A, b);

std::cout << x(0) << std::endl;

}

n = 10000

x∗ 1

. x∗

[0.99999999759705449, 1.0000000023973821]

. A

Gauss

1

.

+

.
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3. 1

1

Policy-based design .

1

1

.

1 1

1 VCP Library

.

.

kv Library

4 dd

interval .

// 3 VCP Library(kv::dd , )

#include <iostream >

#include <omp.h>

#include <kv/interval.hpp >

#include <kv/dd.hpp >

#include <kv/rdd.hpp >

#include <vcp/imats.hpp >

#include <vcp/matrix.hpp >

using namespace vcp;

int main(void) {

std::cout.precision (34);

int n = 1000; // dimension

matrix < kv::interval < kv::dd >,

imats < kv::dd > > A, b, x;

A.rand(n);

b.ones(n, 1);

b = A*b;

x = lss(A, b);

std::cout << x(0) << std::endl;

}

n = 1000

Ax = b x∗ 1

. x∗

[0.9999999999999999999999999020023735,

1.00000000000000000000000007358396] .

2

double 16

25 0 .

BLAS

.

1 3 kv Library

interval

double BLAS LAPACK

:

// 4 VCP Library(double , BLAS , LAPACK)

#include <iostream >

#include <omp.h>

#include <vcp/pdblas.hpp >

#include <vcp/matrix.hpp >

using namespace vcp;

int main(void) {

std::cout.precision (17);

int n = 20000; // dimension

matrix < double , pdblas > A, b, x;

A.rand(n);

b.ones(n, 1);

b = A*b;

x = lss(A, b);

std::cout << x(0) << std::endl;

}

n = 20000

Ax = b x∗ 1

.

1.000000000274329
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. A

.

VCP Library 1 4

matrix(Host )

(Policy )

include

.

. Policy-based design

VCP Library matrix .

VCP Library web

http://verified.computation.jp/

3.1 matrix

matrix (Host ) 2

T P T

P

(Policy ) :

vcp::matrix < _T, _P >

matrix Policy P

:

template <typename _T , class _P=mats <_T>>

class matrix : protected _P {

...

};

matrix 2

:

• Policy P

• matrix move

(C++11)

Policy

P move

Policy P

Policy

matrix (Host )

( 2)

2 VCP Library matrix

3.2 VCP Library Policy

VCP Policy

4 :

• mats< T >

– T Policy

• pdblas

– double Policy

– BLAS LAPACK

• imats< T (, P) >

– T Policy

– kv interval

– P

Policy

P = mats< T >

• pidblas

– double Policy

– LAPACK BLAS

– kv interval
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3 Policy

mats

mats matrix

Policy

3 Policy

mats Policy

Policy

Policy

4.

3 VCP Library Policy-based design

• Policy

•
(move) matrix (Host

)

Pol-

icy

. Policy-based

design

. 4

.

.

LU Crout Doolittle

.

.

.

.

4

Policy

5 .

Policy

Policy

.

Host Policy

. -

.
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5

Policy-based design

.

5.

VCP Library

. Ω = (0, 1)2 Emden

Dirichlet{
−Δu = u2 in Ω,

u = 0 on ∂Ω,
(1)

.

φi VN

û ∈ VN

û(x, y) =
N∑

i=1,j=1

ui,jφi(x)φj(y)

. Legendre

Pi =
(−1)i

i!

(
d

dx

)i

xi(1− x)i, i = 0, 1, · · ·

φi(x) =
1

i(i+ 1)
x(1− x)

dPi

dx
(x), i = 1, 2, · · ·

. N = 50 Emden

(1) 6 .

6 Emden (N = 50)

L2(Ω) Lebesgue 2

H1(Ω) 1 L2-Sobolev .

H1
0 (Ω) := {u ∈ H1

0 (Ω) : u = 0 on ∂Ω}
H1

0 (Ω) H−1(Ω) .

H1
0 (Ω) Emden (1)

Newton-Kantorovich

:

2 (Newton-Kantorovich )

F : H1
0 (Ω) → H−1(Ω)

F (u) = 0 û ∈ H1
0 (Ω)

. F û Fréchet

F ′[û] : H1
0 (Ω) → H−1(Ω)

‖F ′[û]−1‖L(H−1,H1
0 )

≤ K

K .

δ

‖F (û)‖H−1 ≤ δ

. B̄ B̄(û, 2Kδ) := {u ∈
H1

0 (Ω) : ‖u − û‖H1
0
≤ 2Kδ}

. D D ⊃ B̄ .

G

‖F ′[w1]− F ′[w2]‖L(H1
0 ,L

2) ≤ G‖w1 − w2‖H1
0
,

∀w1, w2 ∈ D

. K2δG ≤ 1/2

F (u) = 0 u∗ ∈ H1
0 (Ω)
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‖u∗ − û‖H1
0
≤ 1−√

1− 2K2δG

KG
(2)

. u∗ D .

2 K, δ, G

K2δG

1/2 .

û u∗ H1
0

(2) .

[6], [7], [8], [9], [10]

.

û kv Library 4

dd Policy mats <kv::dd >

.

K kv Library interval <double >

BLAS Lapack

Policy pidblas

.

CPU: Intel Xeon Phi Processor

7290(1.5 GHz, 72Core, 288 Thread) Memory:

384GByte (DDR4 ) OS: CentOS 7.2.1 Compiler:

g++ 4.8.5 kv Library 0.4.43[3], Intel MKL ver-

sion 2017 .

N = 20, 40, 60 K, δ,G

1 Newton-Kantorovich

K2δF ≤ 1/2 H1
0 (Ω)

‖u∗ − û‖H1
0

2 . K G

N .

δ

.

Newton-Kantorovich

K2δF ≤ 1/2

.

H1
0 (Ω) ‖u∗ − û‖H1

0

.

1 K, δ, G

N K δ G

20 2.063 4.24× 10−5 4.39× 10−2

40 2.063 4.34× 10−10 4.39× 10−2

60 2.063 8.26× 10−12 4.39× 10−2

2

N K2δG ‖u∗ − û‖H1
0

20 7.93× 10−6 9.18× 10−5

40 8.09× 10−11 9.37× 10−10

60 1.55× 10−12 1.79× 10−11

3 .

.

.

.

K

.

3 [msec]

N K(N = 40) δ

20 9068 79301 16530 2388

40 58529 544292 20321 16821

60 413523 1686771 29503 63934

6.

Policy-based

design . Policy-based

design

.

Emden

Policy mats< T >

.

mats< T > Policy

.

Policy
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VCP Library
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